Abstract. In this article we study the fractional Hankel transform and its inverse on certain Gel'fand-Shilov spaces of type S. The continuous fractional wavelet transform is defined involving the fractional Hankel transform. The continuity of fractional Hankel wavelet transform is discussed on Gel'fandShilov spaces of type S. This article goes further to discuss the continuity property of fractional Hankel transform and fractional Hankel wavelet transform on the ultradifferentiable function spaces.
Introduction
In the recent years, the continuous wavelet transform has been successfully applied in the field of signal processing, image encryption. The continuous wavelet transform of a function f associated with the wavelet ψ is defined by (W ψ f )(b, a) = , provided the integral exists, where a ∈ R + and b ∈ R. If f, ψ ∈ L 2 (R), then exploiting the Parseval relation for Fourier transform, the above expression can be viewed as (see [1, 2] ):
wheref andψ denotes the Fourier transform of f and ψ respectively. The Gel'fandShilov spaces were introduced in [5] and studied the characterization of Fourier transform on the aforesaid spaces. Pathak [18] and Holschneider [8] studied the wavelet transform involving Fourier transform, on Schwartz space S(R). Zemanian [25] , Lee [11] and Pathak [19] described the basic properties of classical Hankel transform on the certain Gel'fand-Shilov spaces of type S. In the theory of partial differential equations, mathematical analysis the spaces of type S play an important role as an intermediate spaces between those of C ∞ and of the analytic functions. The main purpose this article is to study the fractional Hankel transform and continuous wavelet transform associated with fractional Hankel transform on Gel'fand-Shilov spaces of type S.
The fractional Hankel transform (FrHT), which is a generalization of the usual Hankel transform and depends on a parameter θ, has been the focus of many researcher as it has a wide range of applications in the field of seismology, optics, signal processing, solving problems involving cylindrical boundaries. The fractional Hankel transform H θ ν,µ of a function f of order ν ≥ − 1 2 depends on an arbitrary real parameter µ and θ(0 < θ < π), is defined by (see [9, 16, 17, 23] ):
where,
2 ) cot θ (tωcscθ) −µ J ν (tω csc θ)t 1+2µ , θ = nπ
where C ν,µ,θ = e i(1+ν)(θ− π 2 )
(sin θ) 1+µ . The inverse of (1.1) given as follows:
where K −θ (ω, t) is same as K θ (ω, t). Let the space L 
Parseval's relation: It is easy to see that for the operator H θ ν,µ , under certain conditions,
To define the fractional Hankel translation [6, 12, 16, 17] 
ν,µ (I), we need to introduce D θ ν,µ , which is defined by:
provided the integral exist.
According to [11, 19] , we now introduce the certain Gel'fand-Shilov spaces of type S on which the fractional Hankel transform (1.1) and the fractional Hankel wavlet transform (1.9) can be studied. Let us recall the definitions of these spaces. Definition 1.1. The space H 1,α,A (I) consists of infinitely differentiable functions f on I = (0, ∞) satisfying the inequality
where the constants A and C ν,µ q depends on f and α, δ ≥ 0 are arbitrary constants and the norms are given by
where the constants B, C ν,µ k depend on f and σ, β ≥ 0 is an arbitrary constant. In this space the norms are given by 
∀k, q ∈ N 0 , where the constants A, B, C ν,µ depend on f and α, β, δ, σ ≥ 0 are arbitrary constants. We introduce the norms in the space H β,B α,A (I) as follows:
Now we need to introduce the following types of test function spaces [18] 
where the constants A 1 , A 2 and C ν,µ p,q depending on f and δ 1 , δ 2 ≥ 0 be arbitrary constants. 
where σ 1 , σ 2 ≥ 0 be arbitrary constants and B 1 , B 2 , C ν,µ l,k be the constants depends on f .
where the constants A 1 , A 2 , B 1 , B 2 , C ν,µ depending on f and δ 1 , δ 2 , σ 1 , σ 2 ≥ 0 are arbitrary constants.
From [16, 23] we have the differential operator M ν,µ,θ as:
2 cot θ x µ−ν . We shall need the following Lemma in the proof of the Theorem 2.1. 
Proof. Since,
Proceeding in this way k th times, we get the required result (i). Now to prove (ii), we have
Now exploiting the formula (x
, where m, n being positive integers, the above expression becomes
This completes the proof of (ii).
Using integration by parts we get
Using the formula D x (x n J n (x)) = x n J n−1 (x), in the above equation, then the above expression can be expressed as
Continuing k th times in the similar manner, we get the required result (iii).
We shall make use of the following inequality in our present study (see [4, 
This article consists of four sections. Section 1 is introductory part, in which several properties and fundamental definitions are given. In section 2, continuous fractional Hankel transform(H θ ν,µ ) and its inverse (H −θ ν,µ ) is studied on certain Gel'fand-Shilov spaces of type S. Section 3 is devoted to the study of continuous fractional Hankel wavelet transform in the space of certain Gel'fand-Shilov spaces of type S. In section 4, fractional Hankel transform and wavelet transform associated with fractional Hankel transform is investigated on ultradifferentiable function spaces. Proof. Exploiting Lemma 1.7 (ii) and (iii) we obtain
The fractional Hankel transform H
Thus,
Now, we choose m be any natural number in such a way that m ≥ 1 + 2ν; upon taking n = m + 2q + k and use the fact that |x −ν−q J ν+q+k (x)| ≤ C. Then writing the integral on the right hand side of (2.1) as a sum of two integrals from 0 to 1 and 1 to ∞ and using (1.10), (1.19), we have
This completes the proof. Proof. Following as in the proof of the theorem 2.1 and using (1.19) and Definition 1.2, we have
Which completes the proof. Proof. In this case we obtain from (2.1) and (1.14),
Now using (1.19) in the above equation, then the above estimate can be rewritten as
Hence the theorem proved. 
The fractional wavelet transform on the spaces of type S
In this section we study the wavelet transform on the spaces of type S. In order to discuss the continuity of fractional wavelet transform W θ ψ on the aforesaid function spaces, we need to introduce the following function space.
Definition 3.1. The space W ν,µ,θ (I), consists of all those wavelets ψ, ∀n ∈ N 0 and ρ ∈ R which satisfy
where D n,ρ is constant. 
Proof. From the definition of W θ ψ from (1.9) and using (2.1), we obtain |b
Using the fact that |x −ν−q J ν+q+k (x)| ≤ C and in viewing (1.20), the above relation becomes
Therefore,
Exploiting the definition 3.1 for t = aω we obtain
Using (3.4) in (3.3) and assuming ν 1 be any positive integer such that ν 1 ≥ 1 + 2ν, we have
Exploiting the remark 2.2 and (1.11), the right hand-side of the above estimate becomes
This completes the proof. Proof. From the estimate (3.5) and using (1.19), we obtain
. Hence the theorem proved. Proof. Proceeding as in the proof of above theorem and in viewing the remark 2.7, we have
Exploiting the relation (1.19), the above estimate can be rewritten as
This completes the proof of the theorem.
Fractional Hankel transform on ultradifferentiable function spaces
In this section we discuss the fractional Hankel transform on spaces more general in previous sections [3, 13, 19, 21] . Assume that {ξ k } ∞ k=0 and {η q } ∞ q=0 be two arbitrary sequences of positive numbers possesses the following properties:
From the above property [1] , we have
and
In the very similar way we obtain
We now introduce the following types of function spaces [19] . 
for some positive constants A, C ν,µ q depending on f ; and f belongs to the space H 2,ηq,B (I) if and only if
for some positive constants B and C ν,µ k depending on f ; and the function f is said to be in the space H ηq,B ξ k ,A (I) if and only if [10, 14, 19, 22] . We shall need similar types of function spaces of two variables. 
where the arbitrary constants A 1 , A 2 , C ν,µ p,q depends on f . 
where the arbitrary constants B 1 , B 2 , C ν,µ l,k depends on f . is defined to the collection of all infinitely differentiable functions f (b, a) satisfying, for all l, k, g, h, s, t, p, q, c, d
where the arbitrary constants A 1 , A 2 , B 1 , B 2 and C ν,µ depends on f . 
Proof. Following the procedure of the proof of the Theorem 2.1 and using property 4.1 [3] and in viewing (4.5), we have
This completes the proof. 
Proof. From the above theorem, we have
Hence the theorem proved. Proof. Exploiting (2.1) and Theorem 2.4, we have
This completes the proof. This completes the proof.
Theorem 4.14. Suppose ψ be the wavelet taken from W ν,µ,θ (I). If {η q } be the sequence satisfies the property 4.1 then fractional Hankel wavelet transform is a continuous linear mapping fromĤ 2,ηq,B (I) intoĤ 2,η2p+2q,B (I × I), whereB = B 2 /a, B 2 , for ν ≥ −1/2.
Proof. Proceeding as in the proof of the earlier theorem and exploiting Theorem 4.11, we obtain Hence the theorem proved.
